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Abstract. This paper presents the results to date of the Jet Propulsion Laboratory (JPL) effort at
analyzing the tracking data from the five Lunar Orbiter spacecraft. Emphasis is placed on the long-arc
evaluation, to which most of the work was directed, rather than on the mascon analysis, which will
be reported separately.

The model of the Moon’s gravity field that has been derived from the long-arc analysis is inter-
preted in terms of the Moon’s mass distribution. The results are evaluated from the point of view
of consistency and of statistical significance. In particular, the various factors contributing to the
uncertainty in the estimation process are discussed.

1. Introduction and Summary

On August 14, 1966, Lunar Orbiter I became the first NASA spacecraft to orbit the
Moon*. During the next 13} years, four more orbiters were successfully put into orbit.
The tracking data from these five spacecraft constitute a unique source of infor-
mation on the Moon’s gravity field [1]. Since at present there are no plans to launch
additional orbiters for gravity studies (Apollo orbiters will not serve this purpose),
this data will not soon be superseded. Therefore, it is important that the data be
subjected to a careful and thorough analysis.

Gravity studies, initiated shortly after the first tracking data was received, are still
continuing at JPL and at Langley Research Center (LaRC). NASA provided the
funding as the Lunar Orbiter Selenodesy Experiment (cf. [1]). The results of these
studies to date have given a good qualitative understanding of the Moon’s gravity
field. However, from a quantitative view, the outcome has been somewhat less than
definitive.

The purpose of the present paper is to summarize and evaluate the JPL part of the
Selenodesy Experiment after 2 years of activity. Work on the experiment has been
separated into two phases, short-arc analysis and long-arc analysis. It was planned
to estimate the global distortions of the gravity field, i.e., the low-order harmonics,
by calculating the trends in the orbital elements over long-time periods, hence the
term long-arc analysis. Then, the short-arc perturbations would yield high-order
effects. Results, and the degree of success, are discussed in the following.

The tracking information consists of Doppler and ranging data from 24 arcs of the

* There have been two other lunar orbiters, Russia’s Luna X, put in orbit on April 3, 1966 and
tracked for 57 days, and NASA’s Anchored IMP, launched in July of 1967. The data from Luna X
has not been made available to the west, although a listing of the orbital elements, and a derived set
of harmonics has been published [2]. The Anchored IMP had a very loose orbit (semi-major
axis = 5980 km) which does not give strong information on the gravity field.
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five orbiters, as shown in Table I. The amount of data is so great as to cause a handling
problem even for modern high-speed computers. Its information content is corre-
spondingly large. The data is described and discussed in terms of applicability to a
gravity experiment in Section 3.

Modelling the motion of the orbiter presents no conceptual problems. Effects due
to third bodies (i.e., Sun and Earth), radiation pressure, and low-order harmonics of
the Moon’s gravity field are readily accounted for. The practical problems associated
with some of the effects, however, such as those due to the attitude control system
on the one hand and the roughness of the Moon on the other hand, are a real challenge.
Details of how these problems were handled in the mathematical model are discussed
in Section 4.

2. Perspective and Results

Since the Moon is very nearly a uniform sphere, its gravity field is best described in
terms of perturbations from the sphere. Three different representations are used here:
spherical harmonic expansion, surface discrete mass distribution, and elevations
referred to a uniform density spheroid. The last of these is used to construct gravity
maps, as shown for example in Figure 1. The discrete mass distribution is effective in
describing surface or near surface mass anomalies such as might be associated with
visually observable features like the ringed maria. On the other hand, the global
deviations from a sphere are more readily represented in spherical harmonics. During
the early stages of the data analysis, emphasis was placed on the spherical harmonics.
More recently, the discrete mass representation has yielded some interesting infor-
mation. Thus we are simultaneously discovering facts about the small-scale surface
gravity anomalies and the large-scale global fluctuations.

For proper perspective we review briefly the state of knowledge about the Moon’s
gravity field and mass distribution prior to the lunar orbiters. The only sources of
factual information were the lunar libration data and the observed variations in the
lunar ephemeris.

The Moon’s mean radius is taken* as 1738 km. Its mass is 1/81.303 times that of
the Earth, giving it a mean density (cf. [3]) of 3.34 g/cm?, a little greater than that of
common granite (2.78 g/cm?). In comparison, the Earth has a mean density of 5.54
gm/cm?>. Thus, it would not be unreasonable to expect the moon to be of near uniform
density throughout. One measure of the deviation from uniformity is the parameter
g=3C/2MR* where C is the axial moment of inertia and R is the mean radius. For
a uniform sphere, g =0.6. For a hollow uniform shell, g=1.0. Jeffreys ([4], p. 158)
hypothesizes a value

g = 0.5956 + .0010. (1)

Analysis of the physical librations leads to the following relations among the

* Sjogren, using Ranger impact data, suggests a value of the mean radius some 2.5 km smaller
(cf. [5], p. 341).
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moments of inertia (cf. [3], p. 28):

o = (C — B)/A = 0.000397 + 0.000008,
B = (C — A)/B = 0.000627 + 0.000001,
y = (B — A)/C = 0.000230 + 0.000006,
f=alp = 0.633 + 0.011, )
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Fig. 1. Contour plot of mod-3,.
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in which A4, B, C are the three principal moments of inertia listed in increasing size.
To a first approximation, the value of B was obtained using Cassini’s laws and the
measured values of the Moon’s axial and orbital inclinations. More detailed analysis
was required for the determination of « and y, which depend on very painstaking
observations of the physical librations.

On the other hand, perturbational analysis of the lunar ephemeris, which has the
potential for determining some of the inertia related constants, gives ambiguous
results (cf. [6]). Specifically, if the unaccounted for nodal motion is attributed to mass
distribution, and if the value of f is that given above, then the parameter g has the
value 0.965, corresponding to a spherical shell rather than a nearly uniform density
solid sphere. Eckert concludes that more study of the residuals in the node and perigee
motion is required. In the meantime, the best estimate for g is that for near uniform
density, as given by Equation (1) above.

An indirect estimate of the moment of inertia ratios can be obtained by assuming
hydrostatic equilibrium. The value of  given above is some 17 times as large as the
equilibrium value. Thus if any reliance is to be placed on the libration data, it must
be concluded that the moon is far from hydrostatic equilibrium.

In summary, then, the pre-orbiter Moon was thought to be a triaxial spheroid, of
near uniform density. The moment of inertia ratios «, 8, y were known to about two
or three significant figures. There was no information on the fine structure of the
gravity field.

Lunar Orbiter opened a whole new vista of information. The first data received
were both illuminating and enigmatic. It contained an unmistakably strong signature
of the Moon’s gravity anomalies, and at the same time it presaged the difficulties
inherent in extracting the information.

As subsequently revealed, the Moon is very rough. In mathematical language, the
spherical harmonic coefficients up to a comparatively high degree are significant for
the data. Consequently, a direct regression analysis, aimed at solving for the harmonic
coefficients, is bound to have difficulty. There are three main sources of trouble: (1) the
number of undetermined harmonic coefficients of importance is very large, (2) the
coefficients are highly correlated with respect to the data, and (3) the amount of data
required for the analysis is so large as to require excessive computer time. It was
therefore found advantageous to go to a two-stage data analysis scheme, as described
in Section 4.

An 8-4 gravity model was used as a reference standard for fitting the data, i.e., all
harmonics up through degree 4 plus zonals up through degree 8 were included (see
Section 4 for definition of the harmonic coefficients). In addition, solar radiation
pressure was estimated for portions of the data.

Truncated models (with fewer harmonics) were also used, as explained below. Thus
several sets of harmonics have been obtained, using basically the same data, i.e., all
the extended mission data from all five orbiters.

Before describing the outcome of the regression analysis, we should note the
connections between the moment of inertia ratios, «, f, y of Equation (2), the
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parameters f and g and the second-degree harmonic coefficient C;; and S;;.
The second-degree harmonics are mathematically related to the moments of inertia
as follows:

; ()

Cro=—

B—-A

=— 4
4MR? @

22

while C,;, S,;, and S,, are proportional to the second-degree products of inertia.*
By simple manipulation, to first order of small quantities,

—_1 1;](
CZZ_ 2C20 (1 +f>, (5)
- _ 6
g B+ /) (6)
1. %G
f=—1+ Coo 20" (7)

Thus, C,, describes the equatorial bulge of the Moon, often referred to as the
oblateness. Its value is about —2.0 x 10”4, or about one-fifth that for the Earth. The
coefficient C,, measures the ellipticity of the equator, and has magnitude roughly ten
percent that of C,,. Since A4 is the moment of inertia about the axis towards the Earth,
and since the Moon has a bulge towards the Earth, C,, must be positive. These facts
were known, and deducible from the numbers in Equations (1) and (2). We will show
in the following the degree to which the lunar orbiter data corroborates and extends
this information.

The end products of the two-stage regression analysis on the data are the seven
sets of harmonic coefficients, JPL models 1 through 7 (mod-1-mod-7), listed in
Tables II and III. Of these, mod-3 is in one sense the most complete since it is an
8—4 model and is based on all the data from the extended missions of all five orbiters.
It was the outcome of three passes through the data. The LaRC Sept. 4 model **
(Table II, column A) was used for the first pass through the data, and JPL mod-2
and mod-3 for the next two passes. However, since the computations were being per-
formed at the same time that the data was being accumulated, each successive pass
included more data, and it was only the last pass leading to JPL mod-3 that included
all the data.

JPL mod-4 and mod-6 use all the data, but fit it to smaller sets of harmonics. In
mod-4, the only non-zonals in the fit are C;; and S;;. The value of C,, was chosen
a priori to be compatible with the libration data values of fand . Mod-6 was similarly
obtained, except for the inclusion of C,, and S, also.

* See Equation (8).

** LaRC is continuing work on the problem and has published models based on more complete
analysis of the data than the Sept. 9 model referred to here; see, for example, [26].

© Kluwer Academic Publishers ¢ Provided by the NASA Astrophysics Data System



“UWIN[Od J88[ “X S[QBL UI UMOUS SB DIB (OBd I0J JUSIOYIP UONBISIOE a1nssaId uoneipey q
*$)[NSAI §,[9IZOS] PUB BJEp UONRIQI] UO Paseq =

q a q a a 01-01 X L68T'E€  o1-0I X T1T'] g-S W A
9911°0— 1€20°0 S¥v0°0 2900 €060°0 — SLYT'0— 110T°0— y0T X 08D
8¥CE0 0L81°0 SL6E0 96£T°0 £09C°0 8LIEO VELTO v01 X 02D
617E'0— SLYO0— LY9T0 0L00°0— 8L60°0 — 80800 — 68010 — v0T X 09D
£v80°0 — $960°0 — 08€0°0 12L0°0 — §9¢0°0— £C10°0 — yI91°0 — y0T X 09D

6£00°0 86000 — 1600°0 20000 — v0I X 77D
1000°0 1€00°0 — 6,000 $£00°0 — 701 X 77§
L2000 cET00 ¥910°0 L0100 701 X €7D
8¥10°0 60000 — LLTO0— $900°0 701 X 878
§920°0 €6€0°0 19€0°0 €200 70 X &)
1000 60000 1600°0 £620°0 701 X 8§
wIro— €91T°0— LOST°0— £901°0 — LECT'0— Y1L0°0— 701 X 7D
£Cv0°0 0190°0 6601°0 €SLO0 9500 0£60°0 — 701 X 7§
a Y16€°0— vL60°0 ¥S01°0 P01°0 oecro £0LT0 1¥60°0 §S0T°0 70 X 07D
n ¥870°0 £6€0°0 §970°0— 6810°0 v0T X £8D
m Lyp0'0— 8000 — 96¥0°0 — €L00°0— 70T X 88
- 9L00°0 £000°0 LST00— ¥8¢€0°0 — y0I X 3D
£8¢0°0 LLTO0 00200 — 6£€1°0 70l X &S
P9ee0 LOSE0 1£0€°0 109¢°0 tove 0 6vve0 9€9¢°0 86€T°0 v0I X &)
0160°0 ¥880°0 9900 £680°0 8v60°0 9¢01°0 0rLO0 §SST'0 v0I X TE§
€600 — 6600 — YLT0— Icero— 6610 — £8Y1°0— £CCT0— 6¥06°0 70T X 95D
#8STT'0 #8SCC0 #8STC0 285CC'0 L8STO €CITo 161T°0 SvrTo 501 X %D
vI101°0 9650°0 — OI€T0 SLEOO— 50T X ¥
6LC10— 0€0°0 8L80°0— 86£1°0— 701 X &)
0621°0 1220°0 0510°0 16900 — 701 X 18§’
L8EET— 0100°C— 10T c— 9800C— P9S6°'T — 68161 — £900C — 0890°C — y0I X 08D
v 3des
L1dl 9-1df $1dr y1df ¢-1dr ¢Idf I-1d( fO): LA
S[OPOW [[€ UI §/°706% = JIND :S[OPOW KIABID Idjowered
A)ARIS Ieuny Jo S[OPOW JIUOUWLIRE]
m II 4'19V.L

706T " 'T """ "UOQGNO.L6T

© Kluwer Academic Publishers ¢ Provided by the NASA Astrophysics Data System



.1..190L

1970Moon. . .

LUNAR ORBITER GRAVITY ANALYSIS 197

TABLE III

Normalized® harmonic coefficients x 104

Parameter Gravity model
JPL-1 JPL-2 JPL-3 JPL-4 JPL-5 JPL-6

Cao —0.9062 —0.8582 —0.8749 —0.8983 —0.9848 —0.8949
Sa1 0.0116 0.0171 0.0999

C21 —0.0680 0.0333 —0.0990

Sae 0.2030 —0.0923 0.1571

Coaz 0.3394 0.1739 0.2458 0.3498 0.3498 0.3498
C3o —0.0840 —0.0560 —0.0491 —0.0499 —0.0659 —0.0376
S31 0.0685 0.0959 0.0877 0.0827 0.0598 0.0818
Ca1 0.3366 0.3193 0.3233 0.3334 0.2806 0.3247
S32 —0.0585 0.0810 0.0829

Csz —0.0753 0.0008 0.0221

S33 —0.3558 —0.2209 —0.3205

Css —0.1899 0.2533 0.2040

Cao 0.0314 0.0568 0.0410 0.0347 0.0351 0.0325
Sa 0.0595 0.0796 0.1159 —0.1226
Ca —0.1303 —0.1120 —0.1694 0.0675
Sa2 0.0227 0.0042 0.0054

Cae 0.1615 —0.1580 0.1185

Sas —0.4626 —0.0153 0.2480

Ca3 0.2736 0.3890 0.0458

Saaq 0.0332 —0.0132 0.0002

Cas 0.0383 —0.0246 0.0163

Cso —0.0487 —0.0037 —0.0110 —0.0217 0.0115 —0.0291
Céo —0.0302 —0.0224 —0.0271 —0.0019 0.0734 —0.0132
Cro 0.0448 0.0821 0.0672 0.0619 0.1026 0.0483
Cso —0.0488 —0.0358 —0.0219 0.0151 0.0108 0.0056

& Normalization factor (See [25], p. 7):
(n + m)! _]1/2
(n—m)! @n+ 1) @ — dom))  (CnmInotnorm.

(Comdnorm = |

Mod-5 (colum F) is the result of fitting eccentricity data only, but otherwise using
the same procedure as for mod-4.

The last model of the JPL series (mod-7) is based on data from low inclination
orbits only, i.e., from Lunar Orbiters I, II, and III, but no data from Orbiters IV
and V.

Thus, seven different gravity models have been evolved, each purporting to repre-
sent the orbiter data, or portions thereof. We shall interpret these models at first in
terms of the physical meaning of the parameters. Then, we will consider the associated
statistics and the goodness of fit to the data.

To begin with, note the second-degree harmonics. As seen in Equations (1)—(7), of
the five parameters C,,, C,,, B, f, and g, only three are independent. The first two
are determined by the orbiter data, the next two by the libration data, and the last
only by a combination. Thus, there is a one degree of freedom redundancy in the
combined orbiter and libration data. Eventually, perhaps, it will be feasible to effect
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a simultaneous fit to all the data. However, at present because of the difficulties in the
orbiter data mentioned above this has not been done. Instead, independent data fits
have been obtained, and the resulting models compared with the help of Table IV.

The table has been constructed using a fixed value of 8, namely the libration value.
In the first four rows, the libration value of f and the orbiter data value of C,, are
assumed known, and the values of g and C,, computed. Of the four models, mod-1
yields the value of g closest to Jeffreys’. The mod-3 and mod-6 values are smaller,
but not unreasonable. The mod-7 value, since it implies a high density surface for the
Moon seems improbable.

TABLE IV
Comparison? between libration and Lunar Orbiter results

Gravity Parameters

model f g —Ca X108 Caax 104
JPL-1 0.6330 0.5937 2.02637 0.2277
JPL-3 0.6330 0.5732 1.9564° 0.2198
JPL-6 0.633P 0.5863 2.0010P 0.2249
JPL-7 0.6330 0.6852 2.3387° 0.2628
JPL-1 0.644 0.5897 2.0263" 0.2191°
JPL-3 0.721 0.5439 1.95647° 0.1587"
JPL-3 0.572 0.5936P 1.9564° 0.2666

- 0.633P 0.5956P 2.0328 0.2284

& B = (C — A)/B = 0.000627.
b These values are fixed, and the remaining values are obtained using Equations (5) and
(6) in the text.

In rows 5 and 6, the comparison is based on the orbiter values for C,, and C,,.
Of interest here is the fact that the two values of f straddle the critical value f= 0.662.

Row 7 shows the values that fand C,, must have to be compatible with the mod-3
value of C,, and Jeffreys’ g.

Row 8 gives the C,, and C,, values based entirely on libration data plus Jeffreys’ g.

It is seen from Table IV that of all the JPL models, mod-1 gives best agreement
with libration data, and Jeffreys’ value of g. On the other hand, as we shall see later,
mod-3 and mod-6 are best fits to all of the orbiter data, whereas mod-1 fits only part
of it.

The remaining second-degree harmonics are related to the second-degree products
of inertia as follows:

C21 = sz/MI{2 ’
S21 =Iyz/MR2, (8)
Sy, = L,/2MR?,

in which the subscripts x, y, and z refer to the axes of the moments 4, B, and C
respectively.
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When the coordinate axes are chosen to coincide with the principal axes of the
Moon, the products of inertia and hence the coefficients C,,, S,;, and S,, all vanish.
On the other hand, in practice the coordinate axes are chosen to correspond to the
principal axes of an idealized Moon. Thus, precise measurements could conceivably
yield non-zero values.

The magnitudes of the harmonic coefficients C,;, S,; and S,, are therefore a
measure of the discrepancy between the two sets of axes. If the Euler angles between
them designated by ¢, 0, and  (cf. Figure 2) are assumed small, then it can be shown *
that [7]

Cy1 = 00 (Cyo +2Cy5) + 404 C,,, ®
S21 == 0(Cyo +2C5,), (10)
Sy, = 2(4’ + lﬁ) Cys. (11)

Thus, C,; 1s of second order in the angles, while S,; and S,, are of first order.
Their magnitudes for a rotation through 1° in each angle, and for nominal values of
C,o and C,, are

C,y ~—0.11 x 1079,
S, ~ 4 x107°, (12)
S,, ~ 1.6 x107°.
However, it is difficult to reconcile the observations of the lunar librations with values
of the Euler angles as large as 1°. For example, Jeffreys’ analysis [8] yields an un-

certainty in the inclination of the lunar equator of at most 30" of arc, which should
bound 0. Thus |8] < 0.0015, whence both C,, and S,, become negligibly small with

(POLAR AXIS)

. (MEAN EARTH DIRECTION)

Fig. 2. Angles between principal axes and coordinate axes.

* The axes offset error induced in Czo and Caz is negligible for small angles.
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respect to their effect on a lunar orbiter. However, S,, which does not contain the
factor 6 could possibly be significant if the principal axis in the earth direction were
appreciably off the X-axis.

In view of these comments, then, the numbers in Table II can be interpreted as
indicating an appreciable bias of the directions of the principal axes. For example,
the mod-3 harmonics indicate angular values beyond the linear range assumed for
Equations (9)—(11). For this reason, the data was reevaluated after mod-3 was ob-
tained, using zero values for C,,, S,;, and S,, and an a priori value for C,,. Four
new models were generated (cf. Table II, mod-4-mod-7), in which only the zonals
and a few key tesserals were included. The value for C,, was taken to be compatible
with the libration values for § and f, Equation (2), and the estimated value of C,, in
mod-4.

In setting up these models, consideration was given to the fact that the two-stage
data reduction procedure is intrinsically most effective in determining the zonal
harmonics. The 31 and 41 coefficients were included because firstly they are next to
the zonals in sensitivity for this procedure, and secondly, the more general analysis
has shown them to be significantly large, especially C;,. This brings us to a discussion
of the higher degree harmonics.

Mod-3 contains, besides the zonals to degree 8, all the second, third, and fourth
degree tesserals. In order to compare the coefficients on the basis of size, it is proper
first to normalize (cf. Table IV), for then the coefficients of equal size have comparable
effect on the orbit. Accordingly, we find that in mod-3 the normalized coefficients
Cs0, Ca2, C31, S33, Cs3 and S, 5 are the only ones larger in magnitude than 0.2 x 1074,
The second-degree harmonics have already been discussed in terms of the lunar
librations and the moments of inertia. Thus, C,, being associated with the axial
moment of inertia is expected to be large for a rotating body. The coefficient C,,
measures the bulge along the Earth—-Moon axis, and it too can be expected to be large.
The fact that the values of C,, and C,, differ widely from those to be expected for
fluid equilibrium is another matter.

For the other large coefficients, the statistics of the analysis (cf. Table V) show that
C5, is determined (percentagewise) an order of magnitude more accurately than Cs,
S35 or S,5. Furthermore, as noted above, engineering considerations suggest that Cs
is more sensitive to the data than these other coefficients. It follows therefore that if
any credence is to be placed in the data, the value of C;; must be significantly large.
Any gravity model must include Cjy, if it is to realistically represent the lunar gravity
field.

Mod-4 and mod-6 represent truncated sets of harmonics, including all the zonals
to degree eight but only some of the first order tesserals. It is noteworthy that the
omission of the tesserals does not greatly affect the values of the remaining coefficients.
Furthermore, the fit to the data, as will be seen later, is not greatly deteriorated.

Mod-5 was the result of an attempt to isolate the effect of eccentricity in the data.
The results are not conclusive, especially in view of the fact that the data fit was much
worse.
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TABLE V
Standard deviations for JPL mod-3 harmonics, not normalized?

/ m Cin? Sim®
2 0 0.99

2 1 3.91 3.14
2 2 2.84 2.70
3 0 1.72

3 1 0.38 0.40
3 2 0.43 0.40
3 3 0.76 0.62
4 0 0.88

4 1 1.17 1.03
4 2 0.47 0.59
4 3 0.47 0.42
4 4 0.12 0.11
5 0 1.67

6 0 2.55

7 0 2.11

8 0 2.50

& These standard deviations are based on an assumed weight of 0.1 Hz
for the Doppler observations, with 60-s count time.
b Times 1010,

In mod-7, the high inclination orbit data was omitted. The resulting high values
of C,, and C,, are due to their correlation with respect to the low inclination data,
while the value of C5, is not much affected. The expectation that this model might
have application to Apollo navigation did not materialize.

Thus, we have exhibited gravity models expressed as spherical harmonics, based
on the two-stage regression analysis of all the data. In contrast, we are presently
developing discrete mass models based on short arc fits to the data. This work is
currently in progress, and will be reported elsewhere. A preliminary report has already
appeared in Science [9].

The gravity models, whether in terms of spherical harmonics or mascons can be
represented graphically to show the equivalent distortions of a uniform density figure.
Mod-3 is so represented in Figure 1. For contour maps of the other models, see [10].
It may be of some interest to try to associate the high points of these maps with the
circular maria, as suggested by the mascon analysis. The correlation is not very good,
but then the degree of the harmonic expansion is not large enough to be effective for
this purpose.

3. The Data
A. DOPPLER RESIDUALS

The raw data for the selenodesy experiment consists of doppler and range obtained
at S-band frequency by the NASA Deep Space Network (DSN). A description of the
data and its processing is described (see [11]). The data itself, together with derived
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normal points and pertinent graphs and statistics has been collected under one cover
in another JPL report (see [10]). Thus, the present discussion can be limited to a brief
review of the data, and a commentary on its adequacy for a gravity experiment.

At the outset, it must be emphasized that the data itself is extremely precise. The
noise level is orders of magnitude below the amplitude of the information signals.
In one sense, therefore, this is a deterministic problem rather than a statistical one.
However, in a larger sense, the gravity field itself must be looked at statistically, for
the number of significant harmonic coefficients is very large, and have unknown
amplitudes which can be assumed as randomly distributed. The effect of these
coefficients on the raw data is a bias. Only when the normal points (compressed data)
are evaluated does the statistical effect become evident.

For the data analysis, the fundamental unit of study is the Doppler residual curve
(range is of secondary importance in the present context). Consisting of Doppler
residuals plotted as a function of time, each curve contains the signature of the un-
modelled parameters in the physical and engineering system surrounding the space-
craft.

Figure 3 shows a typical Doppler residual curve obtained from Lunar Orbiter 1.
The ordinate is the frequency residual (observed-computed) in Hz.* Each point repre-
sents the frequency obtained by counting Doppler cycles over a fixed time interval,
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Fig. 3. Doppler residual curve, Lunar Orbiter I.

* At S-band (2300 MHz), 1 Hz = 65 mm/s.
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in this case 30 s. To obtain this curve, the observed frequencies are fitted using a known
gravity model (in this case the LaRC Sept. 4 model) and adjusting any of a set of
parameters available in the computer program. In this case only the cartesian com-
ponents of the spacecraft at epoch (i.e. the state at epoch) were adjusted.

Figure 3 includes two full orbits (less occultation time) of data from one station,
typical of the data batches used for the normal points, although the inclusion of data
from more than one station is preferable. The strength of the fit, and therefore the
weight of the normal point is appreciably improved when 3-way data is available,
i.e., data from two stations simultaneously, one transmitting and receiving, the other
receiving only.

The noise level of the data is easily seen to be much below the signal level. Only
in the short span after the 60-min mark of the first orbit is the noise visible, and here
it is attributed to interference from photo readout.

Periselenium, or point of closest approach to the lunar surface occurs at 13 h,
14 min, 44 s, or at about 44 min along the abscissa of orbit 1 in the figure. Typically,
the residuals exhibit a high amplitude oscillation near periselenium, as shown here.
Unfortunately, these residuals cannot be interpreted directly as accelerations, except
in certain special cases as will be mentioned below.

The nature of the orbit fitting process (least-squares differential correction) is such
that orbit or model errors tend to produce maximum residuals near periselenium.
The main reason for this is that the motion near periselenium is most sensitive to
orbit disturbances even those not associated with lunar gravity. Another factor is the
data spacing which for operational reasons is always uniform in time, thus tending
to under-weight the data in the periselenium region. Still another factor is the fact
that the Moon’s gravity anomaly forces are stronger when the spacecraft is closest
to the Moon.

As a result, the residual pattern and the problem of analyzing it has been nick-
named the periselenium wiggle problem.

Recently, Muller and Sjogren [9] have been ingenious enough to devise a scheme
for extracting the spacecraft accelerations directly from the residual plots. Their
procedure depends on two factors, choosing a data span of the proper length (usually
about 40 min for a close orbit) and using a very simple Moon model, either spherical
or triaxial. The short span has the effect of suppressing residuals due to large scale
effects, since these can be absorbed in the state vector in a short arc. The simple Moon
model avoids the introduction of extraneous residuals. By this procedure, it has been
possible to develop a surface gravity map of the Moon, showing the stronger gravity
anomalies and correlating them with surface features. The work is currently in pro-
gress, and will be reported separately.

It would be misleading to use only the one residual plot (Figure 3) to illustrate the
data, which is in fact quite varied, depending on so many factors such as the orbit
shape and geometry, the tracking pattern, the gravity model and the length of the
data span. For example, data from a high orbit gives much smaller amplitude residuals
as shown in Figure 4. At the scale plotted, the noise on the data is clearly identified.
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In Figure 5, for a close-in near-circular orbit, the residuals are large. However, since
periselenium is not sharply defined for a near circular orbit, the residuals remain
large everywhere instead of clustering at periselenium.

As already noted, the internal consistency of the Doppler data is excellent, giving
an accuracy of the order of 0.02 Hz (cf. Figure 4). However, due to model uncertain-
ties, primarily of the lunar gravity field, the position and velocity of the spacecraft
cannot be determined with equivalent precision. Typically, there is an uncertainty of
the order of kilometers in position, and m/s in velocity.
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Fig. 4. Doppler residual curve, Lunar Orbiter IV.

In order to isolate the sources of error, an exhaustive list of possibilities was as-
sembled, and investigated one by one. This study is reported in [12] in which it is
shown that none of the error sources, excepting the unmodelled part of the lunar
gravity field, can give rise to the observed residuals. By elimination, therefore, it is
concluded that the lunar gravity field is the only possibility. The problem that remains,
therefore, is how best to fit the data with a set of parameters consisting of gravity field
coefficients and orbit parameters.

B. ORBIT FITTING DIRECTLY TO THE TRACKING DATA

The first practical problem to be solved for selenodesy was found very quickly to be
that of fitting an orbit to a fairly short arc of data. Computer capacity limitations
make fits to arcs in excess of 10 or 15 orbits impracticable. Furthermore, the longer
the arc, the more detailed must be the gravity model. Thus it was decided that for
the normal point analysis, the data compression unit should be approximately two
orbits of data.
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This choice was supported by several other considerations also: a shorter arc, of
one orbit or less, gives a very weak orbit determination unless there is some three-way
(i.e., two-station simultaneous) data; the tracking patterns are such as to allow two-
orbit groupings in most cases, and still yield enough normal points to determine a
trend; a two-orbit fit is usually effected with a reasonable number (e.g., four or fewer)
iterations through the computer. Thus, mainly from practical considerations, the bulk
of the orbit fitting was applied to data batches obtained from approximately two
consecutive orbits.
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Fig. 5. Doppler residual curve, Lunar Orbiter I1I.

The principal tool for the fitting process (orbit determination or simply OD) was
a computer program (SPODP = Single Precision Orbit Determination Program)
based on differential correction and least squares, and operating in Moon-centered
cartesian coordinates. For a detailed description of SPODP, see [13].

Due to the nature of the data, and the deficiency of the gravity model, the OD
results do not reflect the precision of the Doppler observations. In the first place, the
geometrical configuration very closely resembles that of a spectroscopic binary star,
as described in [14], pp. 357-360. Thus, not all of the orbit parameters can be expected
to be determinable, or if so only weakly at best. In particular, the node in the plane-
of-the-sky is indeterminate for the spectroscopic binary, and hence almost indeter-
minate in the lunar orbiter case. Furthermore, the semimajor axis a (see Nomen-
clature) is determined in the combination na sini, and can be decoupled, only if
the Moon’s mass constant y is separately identified. For a detailed discussion of
determinacy in orbiters of remote primaries, see [15].

The problem, of course, with the spectroscopic binary is the lack of parallax in the
OD geometry. For the lunar orbiter, parallax is introduced in three ways, the relative
motion of Earth and Moon, the rotation of the Earth, and the use of two or more
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widely separated tracking stations. In the course of two orbits of tracking (6 h) the
net parallax of some 4° more or less is adequate for the OD, but gives a weak determi-
nation of the orbit. The reason for the weakness, of course, is the interaction of the
geometry with the incomplete gravity model, not any deficiency in the Doppler
measurements.

One basis for measuring the adequacy of an OD is the statistics as given by the
standard deviations and correlation matrix. For a typical one station two-orbit OD
(residuals shown in Figure 3, statistics in Table VI) the standard deviations of the
state, in cartesian coordinates show position good to 200 m, velocity to 100 mm/s.
However, the correlation matrix belies this accuracy because of the extremely high
correlations among all the parameters. Obviously, the node in the plane-of-the-sky
is being very poorly determined.

In spite of the high correlations, the OD process converges, and the orbit so
obtained proves adequate for mission orbit prediction. On the basis of separate
studies, including comparisons between different Moon models, comparisons using
simulated data, and comparisons based on the photographs of the lunar surface taken
from the spacecraft, it has been found that the actual quality of the OD is an order
of magnitude poorer than that given by the standard deviation of Table VI. Thus,
an accuracy figure of 2 km in position and 1 m/s in velocity appears more
realistic.

Without detailing the background studies, we now outline some of the assumptions
and procedures used in the OD computations for the normal points. Underlying the
whole procedure was a desire for consistency, resulting for example, in the use of a
single gravity model for each pass through the data. An alternative procedure, which
would produce smaller residuals, would be to tailor the gravity model to the orbit.
At any rate, we list the following items as standard usage in the normal point OD:

(1) The mass constant of the Moon was fixed a priori at the Mariner II value
u=4902.78 (cf. [16]). More recent determinations using Mariner IV have confirmed
this value ([17] gives ©n=4902.76 +0.10) while the Ranger values [17] are somewhat
lower. Determinations of p using Lunar Orbiter are weak because of correlation with
the spacecraft orbit semimajor axis.

(2) Three-way data was used whenever available. The resulting strength in the OD
overshadows the uncertainty in frequency bias.

(3) Although the OD has the capability of solving for frequency bias when simul-
taneous data from two or more stations is used, the bias was not solved for. It was
found that the bias effect is small compared with the gravity model error effect, and
that it is correlated so highly with the state vector with respect to the orbiter data
as to make the solution meaningless.

(4) Ranging data, when available and compatible with the Doppler was used in
the OD. Actually, the effect of the ranging data is small except when solving for a
directly related quantity such as Earth-Moon distance.

(5) Gravity harmonics were not solved for.

(6) The Doppler data was given a weight of 0.1 Hz, the ranging data 15 m. These
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numbers are reflected in the statistics of the estimated parameters (cf. e.g., Table VI)
and therefore also in the weights associated with the nominal points.

(7) The epoch for each OD was chosen to avoid the periselenium region, and to be
as close to the data as possible. Otherwise, the quality of the OD suffered.

Finally, before describing the normal points, we make some general comments as
to the adequacy of the data for selenodesy. Since the primary aim of the selenodesy
éxperiment is to determine the entire gravity field of the moon, the most effective set
of observations are those that sample the greatest volume of near-lunar space.
Furthermore, the dynamical sampling obtained by the orbiter tracking data has
intrinsic peculiarities, because of the selective sensitivity of orbit. Thus, an adequate
dynamical sampling should include several orbits, covering a range of inclination and
semimajor axes. On this score, the Lunar Orbiter series is only marginally adequate.

As shown in the last column of Table 1, the range of inclination of the Lunar
Orbiter was limited to two regions, low inclinations between 10 and 20° and high
inclination, about 85°. The gap between 20 and 85° is a weakness in the coverage
that is difficult to accommodate. The semimajor axis values, on the other hand, do
provide good coverage in the radial dimension, although a few more orbits at inter-
mediate and high altitude would be desirable to strengthen the low-degree harmonic
determinations.

A characteristic of the orbits not given in Table I is the fact that periselenium
position always occurs in the equatorial belt. For the low inclination orbits, of course,
this fact is unavoidable. The high inclination orbits were purposely so designed be-
cause of the photography requirements. The net result is that the close-lunar region
1§ sampled only at low latitudes, and biases the results accordingly.

Because the Moon rotates beneath the orbit once every 28 days the entire low
latitude belt is sampled by a spacecraft tracked that long. Unfortunately, the Earth
rotates around the orbit with the same 28 day period. The result is an occultation
of the spacecraft, and a gap in the tracking data over the Moon’s far side. It follows
that any gravity model derived from the data must be biased in favor of near-side effects.

Operation and handling of the spacecraft itself had its damaging effects on the
overall data usefulness. Of particular significance is the fact that the attitude control
system was not coupled, either in pitch or in yaw (roll jets were coupled). Any torque
about either the pitch or the yaw axis resulted in a control system reaction which
produced a linear acceleration in addition to the torque compensation.

In the case of Lunar Orbiter, the spacecraft torques were produced by: (1) solar
radiation pressure, (2) reflected (lunar) radiation pressure, (3) gravity gradient, (4)
high-rate attitude maneuvers used for spacecraft operation, such as picture taking,
and (5) low-rate attitude maneuvers used for spacecraft housekeeping chores, such
as thermal control.

In theory, each of these torques can be modelled and the effect of the attitude
control jet response on the trajectory accounted for. However, in practice this be-
comes very difficult, and to do it properly would be very expensive in man-hours, in
computer programming, and computer running time. Furthermore, because of engi-
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neering uncertainties and incompleteness of the telemetry records, the reliability of
the results would be in doubt. Finally, because these torques are generally not secular
or periodic (e.g., the high-rate attitude maneuvers) they could not easily be incorpo-
rated in the averaged equations of motion.

Solar radiation pressure torque is close to being periodic, with the period of the
orbiter. It is complicated by passage through the Moon’s shadow. In any case, its
effect is reasonably easy to model, and this has been done. The component of solar
radiation pressure (including shadowing) and the associated attitude jet reaction in
the direction of the sun-spacecraft line is accounted for in all our estimates. In fact,
we sometimes solve for it.

Reflected (lunar) radiation pressure too is periodic, but is small enough to be
neglected. Firstly, because of the low albedo of the Moon, the strength of the reflected
radiation is less than 10%; of that of the Sun. Secondly, the major spacecraft surfaces
(the solar panels) are predominantly edge-on to the reflected radiation, thus reducing
its effect.

Torque produced by gravity gradient is of the same order of magnitude as that
produced by solar radiation pressure. It is strongest at closest approach to the Moon,
and is periodic with half the period of the orbiter (it goes through four zeros each
orbit). Figure 3 of [12] shows an example of the spacecraft attitude reaction to radi-
ation pressure torque. In this example, the pitch direction was most affected. The
increase in frequency of the pitch jet pulses near periselenium is dramatic. Since these
pulses are at the low thrust level their net effect over one orbit is not appreciable, and
so is not modelled. Over many orbits it can be appreciable, but the difficulty of model-
ling in the averaged equation makes it impracticable.

The commanded attitude maneuvers (high-rate maneuvers) are the most serious
offenders in disturbing the orbit. During the photo phase of the Lunar Orbiter mission
these maneuvers disturbed the orbit so much as to make the corresponding arcs un-
usable for selenodesy. During the extended mission, the number of such maneuvers
was minimized. However, the low-rate maneuvers continued, producing an anomalous
perturbation in the orbit elements.

Finally, but not last in importance for the adequacy of the data, the tracking patterns
play a strong role. In general, and in deference to the operational problems in tracking
many spacecraft with limited facilities and only one available frequency, the coverage
was good. There were long arcs with almost daily tracking, such as IA and IIIB (see
Table I). A large fraction of the normal point data batches included two stations and
three-way data. On balance there can be no complaint on the basis of lack of coverage
by the NASA DSN.

C. NORMAL POINTS

As noted in the previous paragraph, the data has been processed in batches, each of
two or so orbits in length, and each batch represented by a normal point. Thus, the
original data consisting of several thousand points were compressed into some 288
points distributed among the Orbiter arcs (see Table I) as follows:
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Number of normal points in each arc

1A-20 HIC- 7
IB-55 IIID- 4
II1C+40 ITIE-18
IID-10 IVC-10
IIE- 4 VC-34
IIIB-56 VD-30

The unevenness of the distribution results from the unevenness in the tracking pattern.
Some arcs such as IB, IIC and IIIB contain much more data than the others. Table 4
of [10] lists the epochs and initial state in cartesian coordinates for all of the data
batches used to generate normal points. The raw data itself is available on magnetic
tape from the NASA data library at Goddard Space Flight Center, Greenbelt,
Maryland.

A normal point consists of the five Keplerian elements of the spacecraft orbit, a,
e, i, Q and w referred to the ecliptic and equinox of 1950 together with a weighting
matrix, W. The statistics associated with the normal point are given by the covariance
matrix, which is the inverse of W. Tables 2 and 3 of [10] list the normal points, the
weighting matrices, the covariance matrices, and correlation matrices for all 288
normal points obtained for the last iteration through the data, and based on the JPL
model-2 representation of the Moon’s gravity. An example is shown in Table VII of
this report.

The first row of Table VII gives the Keplerian elements derived for the normal
point, and corresponding to the time average over one orbit centered in the data span.
The W-matrix listed next is the information matrix used to weight the normal point.
Next is the W-inverse or the covariance matrix whose diagonal terms are in a general
way linked to the standard deviations. The square roots of these diagonal terms are
shown on the last line. If interpreted as standard deviations (which they should not
be) they would indicate that for this batch of data the semimajor axis is determined
to 0.2 meters, the eccentricity to 4x 10™7, and the angles to a few hundredths of a
degree.

The correlation matrix is more directly meaningful. It shows that the orbit orien-
tation is very poorly determined, particularly due to the high correlation between
Q and w. As we shall see later, the sum Q+ w is a much better determined angle for
the low inclination orbits, as might be expected.

A given batch of data are compressed into normal points in the following manner.
Firstly, using the appropriate gravity model, the state of the spacecraft flight path at
epoch (i.e., its cartesian coordinates) is determined. Secondly, using one orbit centered
at the mid-time of the data span, the averaged values of the Kepler elements, together
with their statistics (i.e., W-matrix) are computed. Details of the computation of W
are given in the appendix of [10].
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The normal points are the observed points for use in the second stage of the
regression analysis. They are computed to be compatible with the Kryloff-Bogoliuboff
averaged variables when this method is applied to the equations of motion of the
spacecraft in Lagrange form. This interpretation and some of the mathematical back-
ground will be discussed in more detail in Section 4.

Though the covariance matrices for the normal points give standard deviations
which measure the quality of the data, these standard deviations cannot usefully be
interpreted as measures of the error in the usual sense. The difficulty arises because
of the unmodelled biases in the computations. A much better error measure is found
empirically by computing the same normal point several times using a different basis
each time.

No attempt has been made to derive meaningful statistics on this basis. Rather,
a sample pass of data has been fit to an orbit in each of several modes with the aim
of finding the resulting dispersion in the averaged Keplerian elements. Table VIII
lists the normal points calculated for a pass of Lunar Orbiter V data calculated in
10 different modes.

For the nominal case, there are some 2% orbits (8 h) of data, including 3 h of three-
way. Thus, the data is strong for orbit determination. The alternate modes of compu-
tation include truncating or extending the data, eliminating three-way, and shifting
the epoch.

A large change in the results is seen to be caused by truncating the data to 3 h,
45 min. However, the remaining cases seem to be more or less randomly scattered.
The last column, showing the center time for the data used, is included to allow
correction for secular trends in the elements. These secular rates (listed in the bottom
row) are not large enough to reduce the dispersion appreciably.

Row 11 contains the total spread in the data, which is to be compared with the
standard deviations (row 12) obtained from the computed statistics. The observed
spread in the estimates is thus seen to be two orders of magnitude greater than the
computed standard deviations.

Another basis for judging the quality of the normal points is the fit to the computed
orbits. The most complete fit to the data is represented by JPL mod-3, an 8-4 model
using all 12 data arcs. Plots of the residuals can be found in [10] (Fig. 4). Relevant
statistics of the residuals are given here in Table IX. Listed first are the averages of
the residuals, which are a measure of the trend in the data (with respect to the model).
The standard deviations listed second measure the scatter.

The comparison of these standard deviations with the spread of the computed
normal points in Table VIII is of particular interest. For semimajor axis, the values
in Table IX run as high as 100 m for some arcs, as against 55 m in Table VIII, which
for this type of computation is reasonably consistent. On the other hand, the Table IX
values for the remaining parameters are about an order of magnitude greater than the
corresponding ones in Table VIII.

Some of the arcs are much more poorly fit than others, even after overlooking those
with only a few points. In particular, arc IITE shows large dispersions. One expla-
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nation is that since IIIE is a low almost circular orbit, the high-degree harmonics are
relatively more important. Hence, the incompleteness of the model is more da-
maging.

The three different measures of dispersion discussed above each describe different
aspects of the data reduction process, and therefore must all be retained for an
adequate description of the data.

4. The Mathematical Model
A. BASIS FOR MODEL

In designing the computer software for the selenodesy data reduction, it was intended
to include in the mathematical model all of the effects large enough to be statistically
significant with respect to the quality of the data. Thus, the model includes the gravity
field of the moon, expressed as a spherical harmonic expansion, the gravity effects
of Earth and Sun and solar radiation pressure. Gravitational effects of the planets
are too small to be worth considering. Dynamical implications of relativity, though
practically negligible, have been included in the equations.

Modelling of the data itself was not considered part of the selenodesy problem, as
this job had already been taken care of to more than sufficient precision for translunar
and interplanetary spacecraft tracking. Thus, the basic computer program SPODP,
was already available.

In general, the model is more than adequate for the selenodesy work, with two
possible exceptions: the moon’s gravity field, and the attitude control system effects.
The gravity field model is limited to fourth-degree tesseral harmonics and eighth-
degree zonals. It is intended that the whole gravity field be interpreted with respect
to this truncated model, and that higher degree harmonic effects be absorbed as much
as possible in it. The ultimate success of this approach will depend to a great extent
on the roughness of the Moon, i.e., the size of the unmodelled high degree,
harmonic coefficients. The attitude control system effects were not modelled directly,
but rather incorporated in the solar radiation pressure coefficient. The ultimate
effectiveness will have to be tested empirically by analyzing the residuals to the
data fits.

B. METHOD OF AVERAGES

No computer system presently available can process economically the amount of data
available from the Lunar Orbiter tracking without resorting to some type of data
compression, and some means for rapid computation of trajectories. The difficulty
stems from the fact that trajectories with a large number of orbits, perhaps several
hundred, must be dealt with.

For the selenodesy orbits, the computer program was designed around trajectories
computed by the method of averages. Effectively, only the orbit-to-orbit changes in
the trajectory are considered, the in-period effects being entirely neglected.

The Keplerian elements a, e, i, 2, @ and y were chosen to represent the motion of
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the spacecraft, leading to the Lagrangian equations* (cf. [18], p. 289)

da 2 0U

dt  na oy’

de 1—¢*0U (1-—¢€»)"?0U

At nd’e 9y na’e oo

di cot i ouU 1 oU

- S (13)

dt na?(1—é)'"? 6w  na®(1 — &)*sini 0Q°

dy 20U 1-¢€*0U

dt na da  na’e e’
do (1-€)"?0U cot i oU
dt ~ na’e e nd (1 — )2 5’
dQ 1 ou

ar na®(1— e*)"*sini 6i

in which U, the disturbing potential, includes the gravity effects of earth, sun, and the
non-spherical part of the moon. Radiation pressure enters directly through the dis-
turbing force representation rather than the potential.

The method of averages as developed in [19], Chapter 5, is applied to obtain a set
of equations in the averaged variables, g, e, 7, 22, ®, and x. Only the first approximation
is used. Higher order approximations lead to much more complicated equations, and,
as shown in [20], are not necessary for this application.

For details of the computation procedure used to integrate the equations, and fit
the data, the reader is referred to the notation in [21].

C. MOON’S GRAVITY REPRESENTATION

Since the Moon is nearly a sphere, its gravity potential ¢ should be representable as
an expansion in spherical harmonics

R n
o= {1 + Z 2 <—> Py (sin ¢) (C,,, cosmi + S, sin ml)} (14)
r r
n=1m=0

The coefficients C,,, and S,, describe the nature of the gravity field. For a perfect
sphere, these coefficients all vanish. In the case of the Earth, the coefficient C,, has
a value of —1083 x 107 ° due to the rotational oblateness, while all the other coef-
ficients have values of the order of 1 x 10~ ¢ or less. For the Moon, the values of C,,
is also dominant, but is only about —200 x 10~°, one fifth that for the Earth. As seen
in the results of the Selenodesy work (cf. Table II), some of the other coefficients can
also be significantly large.

* These equations are singular for e =0 and for sin i =0. A modified set for small i using the ele-
ments p =tanisin{2, g =tanicos2, ® =w + 2 has been programmed, and a parallel set for small
values of # —i. The small eccentricity case is not treated separately.
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Whether the spherical harmonic expansion is the best means of representing the
Moon’s gravity has been brought into question by some of the recent studies. The
problem arises only in regard to close orbiters, since their motion is affected by surface
gravity anomalies that could not be noticed at greater distances. For this case, a
model including a distribution of point masses on the lunar surface has met with
some success. However, the results reported herein are all based on spherical harmonics.

To apply the method of averages, it is first necessary to represent the gravity
potential as a function of position in orbit elements rather than in spherical coordi-
nates. The general formulation is quite complicated, and will not be reproduced here.
Some of the individual terms, however, are interesting in themselves, and as examples
of the contribution of gravity harmonics to the changes in the spacecraft orbit.

The rates of the mean Keplerian elements due to C,, are

da de di

—=—=—=0, (15)
dt dt dt

dQ_3ncosiC (16
dt - 2 pz 20> )
dow 3n(1 — 5 cos” i) c 7
dt 4p2 20 - ( )

Those due to C,, and §,, are

da _de 0 18
e dt (18)
di 3n sin i
i = ——— [C,,8in2(Q — 0) + S,, sin2(Q — 6)], (19)
dQ? 3ncosi
TR [Cy,c082(2 —0)+ S,,sin2(Q — 6)], (20)
da) 3n(3 — 5 cos?i

( ) [Cy; c082(R2 —0) + S,,sin2(Q — 6)]. @2))
dr 2p?

Those due to Cj5, are
da 0
dt ' 22)
de _3n cosco( ) (
a2 e?) sini($sin®i — 1), (23)
di  3ne |
cos

O 2p3 osw cosi($sin’i — 1), (24)
dQ  3ne . (L5 sini 1
TRETS sinw coti(L2 sin®i — 1), (25)
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dw 3nsinw
it 2p°

2
(1 +e4e sini — e cot i) x (L2 sin®i — 1). (26)

It is seen that the mean semimajor axis is not affected by any of the harmon-
ics, and this is true in general. Only non-gravitational forces such as drag and
radiation pressure affect the mean semimajor axis. Eccentricity is not affected
by the second degree harmonics. The main cause for changes in eccentric-
ity are the odd-degree harmonics, and also third body effects, e.g., Earth and
Sun.

Inclination is not affected by C,,, the largest harmonic. Each of the other harmonics
contributes to changes in i. However, all such contributions are periodic, with the
period of either Q or w (or multiples thereof).

Node and omega are perturbed by all the harmonics, with secular contributions
from the even zonals.

D. RADIATION PRESSURE

Rates of the averaged elements due to radiation pressure are computed by the formulas
derived in [22]. Shadowing is accounted for, as described in [23]. Only the one com-
ponent of radiation pressure, namely that along the spacecraft-sun line is included.

5. Numerical Analysis

A. FITTING THE NORMAL POINTS

The mechanics of fitting the normal points are described in this section. The compu-
tations were effected with the selenodesy program system based on the model de-
scribed in Section 4, programmed by Dale Boggs (cf. [21]).

The first set of normal points was generated using the LaRC Sept. 11 harmonic
model (since at the time it represented the best available) and an a priori radiation
constant of 1.2111 x 107° km/s?. This led to JPL mod-1 (cf. Table II) by fitting to
arcs IB, IIC, IIIB, IVA, and IVC.

New normal points were generated with the mod-1 harmonics. These points were
fit to both the 84 set of harmonics and radiation pressure, yielding JPL mod-2 with
the high value for radiation pressure of 3.2897 x 10~1® km/s?. Arcs IA, IB, IIC, IIIB,
IIIC, IIIE, IVC, VC, and VD were used.

Arc IVA, the only high orbit, was not used because photomaneuvers occurring
throughout this orbit had seriously perturbed the orbit, degrading its usefulness for
gravity analysis. The principal evidence of this effect is the drift of 1 km in semimajor
axis over 1 mo, which cannot be accounted for by gravity or radiation pressure. Again,
new normal points were computed.

Before generating mod-3, the points of each arc were evaluated separately for
maverick points, for biased stretches of data, for consistency with the initial state,
and for consistency with the value of the radiation pressure constant. The result was
a culling of points from arcs IB and IIIB particularly. Also, the initial values of the
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state and of radiation pressure for each arc were estimated. This had to be done as a
separate operation because the selenodesy program system is limited to 50 parameters
in any estimation. The resulting changes in the initial state are generally small. Those
that were significant are listed in Table X.

Radiation pressure required special treatment. From engineering considerations, it
is estimated that the acceleration along the sun-probe line due to solar pressure is
1.211 x 1071° km/s~ 2. However, solar pressure torque and gravity gradient torque
induced attitude jet impulses resulting in additional accelerations. In addition, sun
acquisition after each solar occultation required jet action; attitude bias for thermal
control required jet action, and also changed the configuration relative to the torque
producing forces; and attitude maneuvers for other engineering reasons resulted in
jet action. The net effect was complicated and costly to model. A compromise method
of attack was therefore adopted, in which an effective value for radiation pressure
was estimated from the data for each arc of each orbiter.

The last column of Table X shows the radiation pressure constants actually used
in the fit to the normal points. It was found that some arcs, specifically the high
inclination arcs IVC, VC, and VD, the low eccentricity arc IIIE and arc IID were so
insensitive to radiation pressure as not to yield a reliable value of the constant. The
a priori engineering value was used for these arcs.

The fit to the data obtained for mod-3 was disappointing when measured by the
quality of the data itself. On the residual graphs* (Figure 6), it is seen that there
remains an appreciable bias in each of the Keplerian elements, but most strongly in
eccentricity.

Table IX summarizes the quality of the fit to each of the twelve arcs. The average
residuals listed are a measure of the secular bias of the data, since the initial residuals
(residuals at the first point of the arc) are generally small. The standard deviations
are a measure of the scatter in the data, although affected also by the bias.

It is difficult to see any pattern in these results. As might be expected, of course,
the shorter arcs and the arcs with more points exhibit better fits. Also, it should be
noted that for the low inclination orbits, the parameter 2+ o fits the data better than
either Q or w separately. The reason is apparent when it is noted that in the limit,
as i tends to zero, the values of 2 and w become indeterminate.

After the basic mod-3 was obtained, it was thought desirable to generate some
alternate models based on the same set of normal points, or portions thereof in order
to check the consistency of the model and the sensitivity of the fit to the model.

The first alternate model was generated using diagonal weighting matrices instead
of the natural ones derived from the data. As was to be expected, the 2 and w data
was fit appreciably better at the expense of the eccentricity. The diagonal matrices
do not account for the very high correlation between Q and w and hence over-weight
them.

For the next case all the data but semimajor axis was used and only the zonals plus

* Only arc IIC is included in these figures. For the remaining arcs, residual plots are shown in [10],
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S5, and Cj5, were estimated. The result was JPL mod-4 (Table II). For this and the
succeeding models the value of C,, was based on Koziel’s libration studies and the
estimated value of C,, iteratively using Equation (5) of Section 2. It is interesting to
note that the values of the harmonics compare reasonably with those of mod-3, and
furthermore the residuals are not appreciably worse.

JPL mod-5 represents a fit to the eccentricity data only, and as such fits the eccen-
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Fig. 6. Data residuals for JPL harmonic mod-3, arc IIC.
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TABLE X

Changes in initial state and value of radiation pressure for each arc
as determined by fitting the normal points

Arc a(m) e i(deg) Q(deg) w(deg) Solar radiation
pressure
(1010 km?2s—2)

IA -3 - - - - 1.016
1B + 34 - - - - 2.049
IIC +25 - - - - 0.942
11D - - - - - 1.211a
I1E —13 - ~ - - 1.216
IIIB —80 - +0.30 +0.37 +0.32 1.712
IIIC —18 - - - - 2.097
IIID - - - - - 1.184
IIIE - - - - - 1.2112
IvC - - - - - 1.2112
VC —-11 - - - - 1.2112
VD - - - - - 1.2112

a Solar pressure constant not estimated. The value 1.211 X 10710 is an a priori engineering estimate.

tricity best. However, the fit to the other parameters deteriorates. The eccentricity
data was also fit to all the harmonics (8-4 model, results not shown) yielding a much
better fit to eccentricity, but a correspondingly poorer fit to the angle data.

JPL mod-6 is an extension of mod-4 to include C,; and S,,. Finally, mod-7 corre-
sponds to mod-6 without the high inclination orbit data, orbits IVC, VC, and VD.

The experimentation with these several models leads to the following conclusions:
(1) inclusion of tesserals through degree and order 4 is not effective in improving the
model; thus, a zonal-only model (plus C,,, C;; and S5;, which are important) is
almost as good as a complete 84 model; (2) selection of data types, e.g., fitting to
eccentricity only, does not improve matters; and (3) the most complete model ob-
tained (mod-3) fits the data to approx. 0.001 in eccentricity, 0.3° in inclination and 1.0°
in Q and w.

The current work with mascons points to the reason for the poor showing of the
8—4 model. A recent calculation* in which a mascon represented by 15th degree
harmonics was included with mod-3, improved the data fit for one arc by 90%;. Thus,
improvement of the model depends on going to higher degree and order, at least for
close orbiters.

B. EVALUATION OF APOLLO-TYPE ORBIT (ARC IIIE)

The residual graphs and Table IX show that arc IIIE is fit more poorly than most of
the other arcs. In particular, the secular trends in the residuals are very large. Node

* Reported by P. A. Laing of JPL.
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residuals increase 3.5° over the 40-day arc and w residuals decrease 4.0°. The scatter
in the data appears from the graphs to be about +1.0°.

In Table XI the sensitivity of the IIIE orbit to the zonal harmonics and to radiation
pressure is exhibited in order to see the magnitude change in zonal harmonics required
to absorb the trend in the data. It is seen that values of the order of 10~ > for some
of the zonals would be sufficient. Thus, IIIE is quite sensitive to the zonal harmonics,
and thus to the whole gravity model. It stands to reason, then, that a truncated model
(i.e., an 84 model) designed to fit all arcs, may do very poorly on IITE.

In order to more nearly tailor the model to IIIE, the high-inclination orbits were
omitted in fitting the data, leading to mod-7 (cf. Table III). The improvement of the
data fit is shown in Table XII which compares the residual averages and standard
deviations for mod-4 and mod-7.

On the basis of the averages, the improvement is marked, especially in eccentricity.
Node and w secular trends are reduced by better than a factor of 2. On the other hand
the standard deviations are not changed appreciably. This reflects partly the fact that
mod-7 is primarily a zonal model, and partly that the high-order harmonics are
important.

TABLE XII
Residual statistics, arc IIIE

Parameter Averages Standard deviation

mod-7 mod-3 mod-7 mod-3
a(m) 41.8 41.9 72.2 58.0
108 e — 84 — 2514 2017 2061
i(deg) — 0.198 —  0.024 0.266 0.217
Q(deg) 0.879 2.074 1.066 1.053
w(deg) — 0.946 —  2.158 1.351 1.191

Q + w(deg) — 0.067 —  0.084

Radiation pressure cannot be estimated effectively from the IIIE data, an indication
that attitude control system effects predominate in the semimajor axis data. This is
an aggravating factor in producing the high residuals.

C. STATISTICS

The normal point estimates were obtained as differential corrections using a least-
squares fit to the data (see [24], Equation (49)). Since the weighting matrix W depends
on the a priori weighting of the Doppler data, it follows that the standard deviations
of the harmonic coefficients obtained as the square roots of the diagonal terms in I
must also depend on the Doppler weights. In fact, the two are proportional. Thus

O-C = kO’d,

in which k is a constant, o, represents a harmonic standard deviation and o, the
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Doppler standard deviation. The implications have already been discussed in
Section 3.C.

On the other hand, the correlations are independent of the Doppler statistics.
Correlation matrices were obtained for each gravity model, that for mod-3 being
exhibited in Table XIII. It is difficult to make value judgments on the basis of multi-
variate correlations, except to note that there are no very high correlations, i.e., values
over 0.90. Furthermore, in spite of the non-linearity of the system, convergence
occurred within a few iterations.

The difficulty arises primarily because the Moon is rough (gravitationally) and the
orbiters were close in. A secondary source of the difficulty is the selective nature of
the particular orbits, i.e., periselenium near equator, few inclinations, no far side data.

In spite of these problems, a long-arc analysis has been successfully accomplished,
yielding an 8—4 gravity model (JPL mod-3). The data fit for this model suffers for the
lack of high-order harmonics. However, it effectively fits the secular trends in the
orbit element over all the data arcs, and it is reasonably compatible with the libration
data and the results of Koziel.

Currently, the short-arc attack (mascon analysis) is attracting much attention. It
should yield (in fact it already has) information on the surface structure of the Moon
of considerable value in resolving long standing selenologic questions. However, the
nature of the global structure, i.e., the low-degree gravity harmonics and moments
of inertia, requires a long-arc approach.

Convergence to seven decimal places was obtained consistently, the eighth decimal
place never quite settling down, suggesting a numerical precision to some seven
decimals. Since most of the harmonics in the model have magnitude of order 10™*
or less, it follows that the results are good to about three significant digits — judged
as a specified model fit to the given normal points.

6. Conclusions

Extraction of gravity information from Lunar Orbiter tracking data is a complicated
and expensive operation.

A different approach based on short-arc analysis is allowing Sjogren * et al. to evalu-
ate the fine structure of part of the Moon’s gravity field. This method too has its
difficulties due to indeterminacy of orbits, correlations between gravity harmonics and
orbit parameters, and incompleteness of the model.

It is to be expected that the gravity information in the orbiter data will eventually
all be extracted. The process of extracting it will no doubt involve a combination of
methods, using both the short-arc and the long-arc methods.

In this connection there is a point where the two methods overlap, namely in the
degree to which the mascons contribute to the global effects. For example, one might
ask what fraction of C,, is due to mascons? In any case, the long-arc method must

* W. L. Sjogren, P, M. Muller, P, Gottlieb of JPL,
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pick up the entire global effect, whereas the mascon approach only incompletely
evaluates global structure.

Nomenclature
Mass distribution:
A, B, C = moments of inertia in ascending magnitude

o, B, v,/ = moment of inertia ratios; see Equation (2)
M = mass of Moon

R = radius of Moon

g = 2C/2MR?

G = universal gravity constant
Gravity field:

¢ = potential; see Equation (14)

U = disturbing function

= associated Legendre function of degree n, order m
ij» Si; = harmonic coefficients; see Equation (14)

~
=3
~~
N
N’
[

Coordinates:

¢, A = latitude and longitude (with respect to ecliptic and equinox of 1950)
a, e, i, Q, w, x = Kepler elements (see [18], p. 288 in which ¢ replaces y)

p = tanisin(Q2
q = tanicosQ
O =QQ+w
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